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PROPAGATION OF DISTURBANCES ABOVE THE FLOW DURING 

THE INTERACTION OF A HYPERSONIC FLOW 
WITH A BOUNDARY LAYER 

V. iYa. Neyland 
I \  

(Moscow) 

ABSTRACT. It i s  shown t h a t  f o r  a hypersonic flow - /40* 
with  moderate o r  s t r o n g  i n t e r a c t i o n ,  dis turbances c rea t ed ,  
f o r  i n s t ance ,  by a base s e c t i o n  o r  some o b s t a c l e  are propagated 
t o  t h e  f r o n t  edge of t h e  body. 
l a r g e  p re s su re  g rad ien t s  can b e  formed i n  t h e  flow. It is  
then poss ib l e  f o r  zones of separa t ion  t o  form, having a l eng th  
on t h e  o rde r  of t h e  body s i z e  and described, t o  t h e  f i r s t  
approximation by boundary l a y e r  equat ions.  From a mathe- 
matical po in t  of view, t h e  problem reduces t o  e s t a b l i s h i n g  
t h e  nons ingular i ty  of t h e  s o l u t i o n  n e a r  t h e  f r o n t  edge, and 
f ind ing  proper s o l u t i o n s  which s a t i s f y  t h e  boundary condi t ions 
a t  t h e  t r a i l i n g  end of t h e  body. It is  shown t h a t ,  wi th  weak 
i n t e r a c t i o n  of t h e  hypersonic flow wi th  t h e  boundary l a y e r ,  
t h e r e  may b e  formed s h o r t  areas of flows wi th  f r e e  i n t e r a c t i o n  
and local-inviscous flows w i t h  l a r g e  g rad ien t s  of pressure,  
at  t h e  l i m i t s  of which t h e  dis turbances can b e  t ransmit ted 
above t h e  flow. 

No l o c a l  areas with very 

1. The genera l  problem of s teady motion o f  a body i n  a viscous and 

thermoconducting gas i s  descr ibed by Navier-Stokes equations.  

are e l l i p t i c a l .  Disturbances,  c r ea t ed  a t  some p o i n t  of t h e  flow, reach all 

o t h e r  p o i n t s ,  a t  least i n  p r i n c i p l e .  

These equations 

However, a t  l a r g e  Reynolds number, t h e  gene ra l ly  accepted method of 

so lv ing  problems of aerodynamics i s  t h e  a p p l i c a t i o n  of equations f o r  inviscous 

* 
Numbers i n  t h e  margin i n d i c a t e  t h e  pagina t ion  i n  t h e  o r i g i n a l  fo re ign  text. 
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gas (Euler equat ions)  p r a c t i c a l l y  everywhere, with t h e  exception of some narrow 

areas where allowance f o r  v i s c o s i t y  is  important. I n  p a r t i c u l a r ,  such areas 

are loca l i zed  near  sur faces  of bodies (boundary l a y e r s ) .  The equations f o r  

boundary l a y e r s  are parabol ic  (Prandt l ,  1904).  With f ixed  boundary condi t ions ,  

changes i n  equations i n  t h e  area below t h e  flow have no e f f e c t  on t h e  s o l u t i o n  

i n  the  area above t h e  flow. Hence, i t  w a s  considered f o r  a long t i m e  t h a t  a t  

supersonic  flow around bodies ,  i n  t h e  absence of separa t ion ,  t h e  dis turbances 

are not  t ransmi t ted  above t h e  flow. 

S t i l l ,  i n  a number of cases, the  boundary condi t ions are unknown before- 

hand, not  only f o r  t h e  boundary l a y e r  bu t  a l s o  f o r  t h e  inviscous external flow. 

They have t o  be determined by concurrent s o l u t i o n s ,  c a r r i e d  out simultaneously 

f o r  both areas of t h e  flow. Such a class inc ludes ,  f o r  i n s t ance ,  flows wi th  

f r e e  in t e rac t ion"  [1,2] and with s t rong  i n t e r a c t i o n  [3 ,  41. I I  

Although equat ions descr ib ing  the  flow i n  var ious  areas prove t o  be  hyper- 

b o l i c  and parabol ic ,  the  d a t a  on boundary condi t ions set below t h e  flow should 

inc lude  a l s o  t h e  area above the  flow. A boundary condi t ion which has  t o  b e  

determined by i n t e g r a t i o n  of equations has  an i n t e g r a l  charac te r ,  and t h e  

problem becomes r e a l l y  of an in tegra l -d i f  f e r e n t i a l  n a t u r e  

We have t o  note ,  however, t h a t  t he  information is  not  complete, as f o r  

e l l i p t i c a l  equations.  The class frOm which poss ib l e  so lu t ions  are s e l e c t e d  

i s  more narrow. Solut ions of t h i s  type have been obtained i n  [2 ,  5,  61. 

Studies  described i n  [2  5, 61 d e a l t  with supersonic  flows ( i l l  - 1, R- t  00, /41 
where R - Reynolds number) ; i n  t h e  area of f r e e  i n t e r a c t i o n  around t h e  po in t  

of separa t ion  on a smooth su r face  i n  f r o n t  of t h e  base  sec t ion ,  and i n  che 

area of attachment of t h e  zone of separa t ion .  

asymptotic ana lys i s  of so lu t ions  of complete Navier-Stokes equat ions,  u t i l i z i n g  

t h e  known method of l o c a l  asymptotic expansion. For these  problems, t h e  'char- 

acterist ic long i tud ina l  dimension of t h e  area i n  which dis turbances pene t ra ted  

above t h e  flow amounted t o  , and t h e  p re s su re  d is turbance  w a s  AP /Pi - R21'4. 

The problem w a s  solved through 
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Studies  [ 2 ,  5 ,  61 have shown t h a t  t h e  presence of f r e e  i n t e r a c t i o n  s ig-  

n i f i e s  t h e  t r a n s f e r  of dis turbances above t h e  flow; t h i s  f a c t  l eads  t o  t h e  

necess i ty  of previous s e l e c t i o n  of t h e  appropr ia te  method of so lu t ion .  

It i s  of i n t e r e s t  t o  consider  flows i n  which t h e  areas of f r e e  i n t e r a c t i o n  

are l a rge ,  on t h e  order  of dimensions of t h e  body. Such a type of problem is 

represented by a hypersonic flow of viscous gas around a s lender  body ( f o r  

ins tance ,  a plane) with t h e  value of t h e  known i n t e r a c t i o n  pararieter % = '  

-11, ( d 6  / dx) 5 1. The known [3] self-modeling s o l u t i o n  f o r  s t rong  i n t e r a c t i o n s  is  

v a l i d  only f o r  a semi - in f in i t e  body; s t r i c t l y  speaking, i t  is appl icable  t o  

f i n i t e  bodies only f o r  e spec ia l ly  adopted boundary condi t ions a t  t h e  t r a i l i n g  

end of t he  body. 

Another example i s  t h e  problem of a b l a s t  of moderate i n t e n s i t y  through 

t h e  su r face  of a s l ende r  body i n  a supersonic  gas flow. I f  w e  consider ,  as 

is done i n  a number of works, such as ['I], t h a t  t he  ve loc i ty  component of t h e  

gas normal t o  the  s u r f a c e  of t he  body i s  s m a l l  i n  comparison with t h e  v e l o c i t y  

of t h e  incoming stream b u t ,  never the less ,  considerably exceeds the  correspond- 

i n g  component i n  a viscous boundary l a y e r ,  then i n  t h e  f i r s t  approximation w e  

can u t i l i z e  the  model of a t h i n  inviscous l a y e r  of t h e  flow. The pressure  

d i s t r i b u t i o n  i n  a t h i n  l a y e r  i s  determined by dis turbances introduced by t h i s  

l a y e r  i n t o  the  i n i t i a l  supersonic  flow. 

gas l aye r ,  the  t r a n s f e r  of pressure  across  i t  is  nonexis tent  i n  t h e  f i r s t  

approximation, and t h e  Euler  equations degenerate i n t o  boundary l a y e r  equations 

without viscous terms. It can be shown f o r  t h e  same problem t h a t  t h e  e f f e c t  

of t h e  t r a i l i n g  end of t h e  body should b e  considered along t h e  whole body, up 

t o  t h e  leading edge. 

Because of a s m a l l  th ickness  of t h e  

2.  W e  s h a l l  consider  t h e  flow of a hypersonic stream of a viscous thermo- 

conducting gas around a s lender  body. 

t h e  length  of t h e  body 2, ve loc i ty  of t h e  incoming stream ui, c h a r a c t e r i s t i c  

dens i ty  va lue  p 

is R z s l  a 
cous flow and t h e  boundary l a y e r  of th ickness  6 - lR2-'ia . 

The Reynolds number ca l cu la t ed  along 

and t h e  v i s c o s i t y  c o e f f i c i e n t  1-1 
Then, t h e  d is turbed  area of t h e  flow can b e  divided i n t o  an inv is -  

at t h e  su r face  of t h e  body 2' 2 
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Further ,  w e  s h a l l  consider  t ha t '  the  thickness  of t h e  body 8 i s  of t h e  2 
same order  as, o r  even smaller than, 8 ( f o r  i n s t ance ,  6 2  = 0 - a membrane o r  

a thread) .  I n  t h i s  case, t h e  pressure  d i s t r i b u t i o n  on the  outer  l i m i t  of t h e  

boundary l a y e r  depends on changes of thickness  of t h e  boundary l a y e r  displace-  

ment and, at the  same t i m e ,  i t  g r e a t l y  a f f e c t s  t h e  d i s t r i b u t i o n  of t h e  thick- 

ness  of displacement. This i s  flow with f r e e  i n t e r a c t i o n .  The ex ten t  of t h e  

flow area wi th  f r e e  i n t e r a c t i o n  depends s u b s t a n t i a l l y  on values  of t h e  numbers 

M and R2. 1 

I n  supersonic  flows (hrLz- i)'la - 1 t h e  s i z e  [ 2 ,  5, 61 is on t h e  order  of 

ZR2-''a . 
boundary l a y e r  f o r  s p e c i f i c  po in t s  of flow (point  of separa t ion ,  attachment,  

e t c ) ,  in f luences  the  boundary l a y e r  only t o  t h e  second approximation. Hence, 

t h e r e  is  no f r e e  i n t e r a c t i o n  i n  t h e  l a r g e r  p a r t  of t h e  body. 

We s h a l l  no te  t h a t  a t  M Q 1 t h e  pressure  grad ien t  induced by t h e  1 

We sha l l - cons ide r  the  flow with f r e e  i n t e r a c t i o n  a t  Mi*oo f o r  character-  

i s t i c  cases of flow around a corner  po in t  o r  a base s e c t i o n ,  and a l s o  the  - / 4 2  

po in t s  of s epa ra t ion  and attachment. For a l l  these  flows a t  moderate super- 

son ic  v e l o c i t i e s ,  the  scales of coordinates ,  flow funct ions ,  equat ions,  and 

boundary condi t ions w e r e  the  same (with t h e  except ion of t h e  i n i t i a l  and f i n a l  

condi t ion) .  W e  s h a l l  show t h a t ,  a t  small values  of t h e  known parameter of 

hypersonic i n t e r a c t i o n  X 

hypersonic flows. 

/&'/a<l , t h e  s i t u a t i o n  is  t h e  same f o r  

L e t  us consider  f i r s t  t h e  flow nea r  t h e  po in t  of separa t ion  on a f l a t  

p l a t e  a t  V, 2=- 1 . 
same order  of magnitude as t h e  enthalpy of t h e  drag (although it  may amount, 

f o r  i n s t ance ,  t o  0.1 of t h e  l a t t e r ) .  I f  f a r  from t h e  poin t  of s epa ra t ion  

x e 1 , then t h e  pressure  gradient.' induced by weak i n t e r a c t i o n  is  ( I  / p , )  a p  / ax 
Following [ 2 ] ,  w e  s h a l l  e s t i m a t e v a l u e s o f  t h e  pressure  grad ien t  which should 

exist near  t h e  poin t  of s e p a r a t i o n , . i f  t h e  la t ter  is  loca ted  t h e  d i s t a n c e  

from t h e  leading edge. R2-'h 

i '  

L e t  t h e  gas enthalpy a t  the  su r face  of t he  body be  of t h e  

a 

x .  

I n  the  main p a r t  of t he  boundary l a y e r  6 1 



Here An- i s  t h e  change of thickness  of t h e  f lowlines .  A t  t h e  w a l l ,  t h e  

ve loc i ty  is zero.  

equat ions of t h e  motion 

Hence, nea r  t h e  s u r f a c e  of t h e  body, i n  accordance with 

AU3 A p  "la 

U l  
Au3 - u3, - - (--) 

" 

L e t  6, be  a thickness  of t h e  area 3 i n  which AUS - us.; then,  7.43 - Ut X. 

X (63/I)R2-'/z.The thickness  of t h i s  area changes by t h e  order  of magqitude 

It means t h a t  t h e  displacement thickness  of t h e  whole boundary l a y e r  i n  t h e  

main term changes by. 63 / I  . 
s m a l l  d is turbances ( f o r  A p / p i <  1) w e  ob ta in  A p / p i  - (63/23)Mt , where x - 
t h e  unknown long i tud ina l  dimension of t he  per turbed area. I f  t h e  f l ?  itreams 

i n  t h e  area 3 before  t h e  poin t  of s epa ra t ion  are t o  pass  i n t o  t h e  area where 

t h e  pressure  inc reases ,  t h e r e  should be in t h e  area 3 a t  least some s i g n i f i -  

cant  v i s c o s i t y  forces :  P z U S ~  / x3 - PZu3 / aS2 . 
system of i n t e r r e l a t i o n s  f o r  t he  scale A p / p r ,  US ,  b3, x3 closed; i t  enables  us 
t o  ob ta in  t h e  following r e l a t i o n s  a t  Xe 1 : 

Then, i n  accordance wi th  t h e  hypersonic theory of 

This l as t  condi t ion makes t h e  

U t i l i z i n g  t h e  methods i n  [2], w e  can e a s i l y  ob ta in  t h e  complete system 

of equations and boundary condi t ions ,  c los ing  t h e  problem. They are f u l l y  
1 



analogous t o  those  obtained i n  121 i f  w e  rep lace   XI-''^ by X = h l i / f i ~ ' ~ ~ .  

follows from t h i s  t ha t  the  theory developed f o r  fi!, 
It 

1 is  l i m i t i n g  f o r  

hypersonic v e l o c i t i e s  a t  ^x --i 0. 

Ful ly  analogous r e s u l t s  can b e  e a s i l y  obtained f o r  flows i n  t h e  area of 

attachment,  and near  t h e  base s e c t i o n ,  by following [SI o r  [6 ] .  The character-  

i s t i c  f e a t u r e  of  t hese  flows is  t h a t  t h e  propagation of per turba t ions  above 

t h e  flow occurs at s h o r t  d i s tances  only,  with t h e  formation of areas having 

l a r g e  gradien ts  of pressure .  

l ead  t o  t h e  appearance of l o c a l l y  inviscous areas of flow. 

flow around the  base s e c t i o n  was inves t iga t ed  i n  [ 8 ] *  

Fur ther  i nc rease  of t h e  pressure  grad ien t  may 

Locally inviscous 

3. The s i t u a t i o n  changes b a s i c a l l y  i f  O ( x )  - t O ( l )  . It i s  apparent f rom, /43 
(2 .1)  t h a t  t h e  scale of t h e  area of f r e e  i n t e r a c t i o n  x / Z + 0 ( 1 ) .  
follows from (2 .2)  t h a t  t h e  d iv i s ion  of  t h e  boundary l a y e r  i n t o  subareas of 

d i f f e r e n t  s c a l e  disappears ,  s i n  

And it  

- 

It follows a l s o  from A p / p  h i s  way, t h e  whole boundary 

l a y e r  begins t o  p a r t i c i p a t e  i n  ree i n t e r a c t i o n .  

W e  s h a l l  show t h a t ,  a t  ~21 , t h e r e  can be  no region of flow i n  which t h e  

pressure  g rad ien t  is  l a r g e r  i n  order :of  magnitude than t h e  grad ien t  induced 

on t h e  body by f r e e  i n t e r a c t i o n .  

L e t  us assume t h a t  nea r  t he  base s e c t i o n  o r  i n  f r o n t  of t h e  po in t  of 

separa t ion  t h e r e  i s  a drop o f  p re s su re  

case of ~ ~ / ~ - + 1 ,  s ince  i n  flows of r a re fac t ion  i t  i s  impossible,  and i n  flows 

of compression such values  of A p / p  do not  occur because of t h e  displacement 

of t h e  poin t  of s epa ra t ion  above t h e  stream, as. w i l l  be  shown below). 

hP < P (we are not considering t h e  

I f  t h e  induced gradien t  of pressure  is  l a r g e r  by an order  of magnitude 

than t h e  i n i t i a l  one, then t h e  dimensions of t h e  per turbed area Ax should 

s a t i s f y  t h e  condi t ion A x /  I <  1. 

l a y e r  

For and & 1 i n  t h e  i n i t i a l .  boundary 
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. 

P - ;piuizt2, ip - 'Pic2, (d6 1 dx) ,  - 7 
I n  accordance with the equation of motion ( puu. - px  ) disturbances of 

v e l o c i t y  and pressure  are interconnected by t h e  r e l a t i o n  

This estimate i s  a l s o  v a l i d  f o r  Ap/p ,<I  , s i n c e  near  t h e  su r face  of t h e  

body one can always f i n d  a l a y e r  i n -which -ve loc i ty  per turba t ions  are of t h e  

same order  as t h e  i n i t i a l  ve loc i ty .  J u s t  as f o r  flows with weak i n t e r a c t i o n ,  

t h e  complete change i n  thickness  of t he  boundary l a y e r  i s  equal  i n  magnitude 

t o  t h e  thickness  of t h e  l a y e r  i n  which t h e  v e l o c i t y  changes by an order  of  

magnitude. For t h e  thickness  of t h i s  l a y e r ,  w e  have t h e  r e l a t i o n s  

Since Ap I pi 2( 1 , then A6 /,Ax z(z . U t i l i z i n g  t h e  e x t e r n a l  boundary con- 

d i t i o n  and t h e  obtained estimates 

But t h e  dimension of t h e  per turbed area cannot be l a r g e r  than t h e  char- 

acterist ic dimension of t h e  body. It follows from t h i s ,  t he re fo re ,  t h a t  

A x N l .  

I n  t h i s  connection, t he  so lu t ion  of t h e  problem f o r  a boundary l a y e r  

under condi t ions of f r e e  (moderate o r  s t rong ,  

f u l l y  determined by t h e  i n i t i a l  condi t ions and t h e  boundary condi t ions on the 

o u t e r  edge of t h e  boundary l a y e r  and on t h e  body sur face .  

X > 1 ) i n t e r a c t i o n  cannot b e  

There should be 
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a lso  branches of t h e  s o l u t i o n  making i t  poss ib l e  t o  s a t i s f y  t h e  boundary con- 

d i t i o n  a t  t h e  t r a i l i n g  end of t h e  body which, as w i l l  be  shown below, can b e  

imposed, f o r  i n s t ance ,  upon t h e  pressure  value.  

I n  conformity with t h e  usual  estimates f o r  a hypersonic boundary l a y e r  a t  /44 
X >  0(1) w e  take the  following coo 

flow funct ion:  

i n a t e s  and asymptotic expressions f o r  t h e  ' 

x = xo 1 lo, u = yo 1 LOT, 7 = (p20 / p,=U,olo)'14 

UO(ZO, gc, ill,, 12,) = U i 0 [ U ( 5 ,  ,y)+. , .I, 
= U l O - c [ U ( r c ,  y) +. . .] 

pC(xC1 go1 Mi, RJ = p , o y K 2 z z [ p ( 5 ,  I/) f . . .], pC(xO, yo, &Ii, E,) = 
= pIQz2[,q (5: y) -I- . . .] 

E l 0  (XO, yo1 Ml, 221) = ( U I C )  Z[lI (5, y) + . . .I, p0 (XO, yo, &!Il n,) = 

= PZ0CK(~l Y) 3- * .I 

U 0 ( X 0 ,  yo, M i ,  n,) = ' 

Here the  degree s igns  a t  the  top s i g n i f y  dimensional q u a n t i t i e s .  

Subs t i t u t ing  (3.1) i n t o  t h e  complete Navier-Stokes equations and making 

t h e  l i m i t i n g  t r a n s i t i o n  Mi + 00, fit 3 00 a t  0(1) w e  ob ta in  t h e  equations 

8 

The boundary condi t ions are 

U(X, 0) = U ( X ,  0) = 0, H(z, 0) = f i z  

(3 3) 



Here, the  ou te r  edge of t h e  boundary l a y e r  y = 6 i s  p rec i se ly  def ined,  

p ( s ,  6) = m., s i n c e  t h e  flow rate of gas i n  t h e  boundary l a y e r  i s  neg l ig ib ly  

s m a l l  i n  comparison with t h e  f lowra te  i n  t h e  inviscous area of per turbed flow, 

whereas t h e  thicknesses  may be  of t he  same order .  It is  j u s t . t h i s  d i f f e rence  

i n  t h e  f lowra te  order  of magnitude t h a t  enables us t o  develop t h e  correct: 

theory of the  boundary l aye r .  

For t h e  so lu t ion  of t h e  problem on a computer, i t  is  convenient t o  

in t roduce  t h e  following va r i ab le s :  

Then t h e  equations assume t h e  usua l  fonn 

The boundary condi t ions are - 145 

The ind ices  1 and 2 s i g n i f y  parameter values  on t h e  o u t e r  s i d e  of t h e  ' 

boundary l a y e r  and a t  t h e  w a l l ,  r espec t ive ly .  For t h e  ca l cu la t ion ,  it is  

necessary t o  consider  t h e  flow i n  an inviscous shock l aye r .  Following t h e  

hypersonic theory of s m a l l  per turba t ions ,  as i n  [ 3 ]  , w e  s h a l l  introduce t h e  

9 



following func t ions  and coordinates f o r  t he  shock l aye r :  

The system of equations and boundary condi t ions is 

where y = g(x) - equat ion f o r  t h e  form of t h e  shock wave. 

For p r a c t i c a l  ca l cu la t ions ,  s u f f i c i e n t l y  accu ra t e  r e s u l t s  are obtained 

by the  t a n g e n t i a l  wedge method , 

It: is necessary t o  remark he re  . t h a t  at  x-+ 00 , t h e  parameter x vanishes 

The complete problem f o r  dimensionless va r i ab le s  both from (3 .8)  and (3 .9 ) .  

ceases t o  depend on x. 

We s h a l l  c l a r i f y  now the  charac te r  of t h e  nons ingular i ty  of s o l u t i o n  a t  

d i f f e r e n t  values  of t h e  i n t e r a c t i o n  parameter x. 



Let t h e  boundary condi t ion determining t h e  necessary branch of s o l u t i o n  

be  set at xo = Z", i .e. ,  a t  x = xo = 1. 

then w e  have f = 0. 
on i t  i s  t h e  given pressure.  

I f  t h e  po in t  of s epa ra t ion  l ies t h e r e ,  

I f  corner  point  0 corresponds t o  i t ,  then t h e  pressure  2 

We s h a l l  show a t  f i r s t  that: i f  w e  managed t o  f i n d  at least one s o l u t i o n  /46 
f o r  which, f o r  ins tance ,  f2" (x,) = 0, then t h e r e  i s  a l s o  a group of t ransfor -  

mations which allow us t o  s a t i s f y  t h e  condi t ion x, = 1. For t h i s  purpose w e  
s h a l l  introduce the  transformation 

I 

where b i s  t h e  undetermined cons tan t ,  and f o r  (3.8) 

A A 

(3.10a) 

With t h i s  change of v a r i a b l e s ,  a l l  equations and boundary condi t ions ex- 

pressed i n  terms of new va r i ab le s  have t h e  same form as ( 3 . 4 ) - ( 3 . 6 )  and ( 3 . 8 ) ,  

(3.9) i n  o l d  var iab les .  The only d i f f e rence  l ies i n  t h e  f a c t  t h a t  the value 

of x4 is  known beforehand, and t h e  coordinate  x 
given. a r b i t r a r i l y ,  w e  ob ta in  a s o l u t i o n  (numerically o r  i n  series) 4 
wi th  a s i n g u l a r  point: a t  some va lue  x (x ). I n  accordance with Formulas (3.9) 40 4 
and t h e  condi t ion x = 1 w e  ob ta in  

of a s i n g u l a r  po in t  is not: 4 
S e t t i n g  x 

0 

(3.11) 

Then, t he  f i r s t  formula g ives  us b, whi le  t h e  second - provides a value  of 

x corresponding t o  t h e  given x 4 

(3.12) 

11 



I f  x1 S I ,  then X 4 0  does not depend on x and Formula (3.11) g ives  4' 
a so lu t ion  f o r  d i r e c t  as w e l l  as reverse  problems. I f ,  however, 

can so lve  without adjustment only t h e  reverse problem of f ind ing  X a t  a given 

x4. 
t o  choose x such t h a t  t he  condi t ion (3.12) is  s a t i s f i e d .  

7 l, then we 

For s o l u t i o n  of t he  d i r e c t  problem ( i n  which x i s  given) ,  it is necessary 

4 

The ex is tence  of a group of t ransformations (3.10) demonstrates t h e  f a c t  

t h a t ,  a t  least a t  x = a, t he re  cannot be  nonself-modeling so lu t ions ,  which are 

no t  terminated by a s i n g u l a r  po in t  ( f o r  i n s t ance ,  p , =  0) o r  place,  where boun- 

dary condi t ions are changing, and which continue f o r  a l l  5 from 0 t o  when 

the  given boundary condi t ions are maintained. As a matter of f a c t ,  i f  such a 

so lu t ion  ex i s t ed ,  then i n  t h e  presence of (3.10) i t  could be transformed i n t o  

a self-niodeling s o l u t i o n ,  but it is  def ined i n  a unique manner. Thus, i n  o rde r  

t o  e s t a b l i s h  the  nons ingular i ty  and ex i s t ence  of so lu t ions  of t he  r e q u i s i t e  

type,  i t  is  s u f f i c i e n t  t o  demonstrate t h e  ex is tence  of nonself-modeling solutions 

even a t  E.% 1 . 

I n  t h e  neighborhood of E = 0 ,  t h e  indeterminacy of t h e  so lu t ion  can be 

e s t ab l i shed  by means of a coordinate  expansion. 

analogous t o  t h a t  developed i n  [2 ] , t he  so lu t ion  of t h e  problem can be extended 

t o  a c t u a l  f ind ing  var ious branches of so lu t ion  a t  f i n i t e  values  of 5 up t o  t h e  

corresponding s i n g u l a r  po in t s ,  

Using a computer method 

It is  s imples t  t o  e s t a b l i s h  t h e  indeterminacy of t h e  s o l u t i o n  f o r  x = Q), 

s ince  then it  is s u f f i c i e n t  t o  show.that ,  i n  addi t ion  t o  t h e  known self-modeling 

so lu t ion ,  t h e r e  is  a l s o  a nonself-modeling one. 

(3.9) and x = Q) 

Further ,  w e  s h a l l  u t i l i z e  

12 



Subs t i t u t ing  (3.13) i n  the  i n i t i a l  equat ions and boundary condi t ions,  w e  

ob ta in  

?Id=[ (60-fo' l) lS-]0- ' , jo(0)=fo'(O)= 0, g(O)=gz, f o l ( o o ) =  l,go(Oo)= 1 

This p a r t  represents  t h e  known self-modeling s o l u t i o n  f o r  s t rong  

i n t e r a c t i o n  

r 

gi - 2fO/fl' 

6 0  - fo'2 
Nl =(a - 1)No * f 1 (0) = fi' (0) = f 1'( 00) = g, (0) = g, (00) = 0 8 

OJ 

(3.14) 

(3.15) 

(3.16) 

The system of Equations (3.15) i s  l i n e a r ,  b u t  nonhomogeneous at a > - 1 
[a < - 1 makes no sense i n  view of (3.13)].  

The l i n e a r  homogeneous system (3.16) f o r  c o e f f i c i e n t s  A1, B has a non- 1 
t r i v i a l  s o l u t i o n  only i n  t h e  case where i ts  determinant is equal  t o  zero. 

This provides the  condi t ion f o r  determining t h e  parameter a 
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Numerical ca l cu la t ions  give 

t h a t  a f o r  t h e  r e q u i s i t e  range has  been found. can b e  determined 

wi th in  an accuracy of an a r b i t r a r y  constant  f a c t o r .  Its magnitude determines 

the  value of x t he  coordinates  of t h e  s i n g u l a r  po in t  and its s ign  gives  t h e  

choice of t h e  type  of s i n g u l a r  po in t .  The given t ransformations l e a d  t o  t h e  

following form of t h e  s i m i l a r i t y  r u l e  f o r  t h e  c o e f f i c i e n t  of pressure  a t  t h e  

po in t  of separa t ion :  

a Z 49.6 f o r  w = 0 = g2 = 1, L e t  us assume 

Then Al, 3 1 

0’ 

x40 - func 40’ where p ions of g y I  and x can be ob xined by numerical solu- 

t i o n  of t h e  problem. A t  ~ 3 0 3 ,  t h e  dependence on x vanishes,  and t h e  second 

l i m i t  f o r  C is  obtained,  apa r t  from t h e  one found i n  [2 ]  f o r  x = 0. 

2;  

P 

The preceding r e s u l t s  l ead  t o  an important conclusion f o r  t h e  asymptotic 

theory of separa ted  flows i f  t h e  sepa ra t ion  and attachment of the flow occur 

on a smooth s u r f a c e  as, f o r  i n s t ance ,  i n  t h e  case of s epa ra t ion  i n  f r o n t  of a 

panel ,  not  beginning a t  t h e  lead ing  edge. I f  s epa ra t ion  does not  start  a t  t h e  

leading edge then, as i n  the  case of M -  1, t h e  pressure  i n  t h e  whole area of 

separa t ion  and t h e  r a t i o  of t h e  long i tud ina l  dimension t o  t h e  t r ansve r se  di-  

mension are of t h e  same order  of magnitude as i n  t h e  area of f r e e  i n t e r a c t i o n  

near  t h e  poin t  of separa t ion .  But i n  t h e  given case J l t - t o ,  XaI t he  charac- 

t e r i s t ic  long i tud ina l  dimension of t h e  area of f r e e  i n t e r a c t i o n  is  of t h e  same 

order  of magnitude as t h e  length  of t h e  body, as has  been shown. From t h i s ,  

i t  follows t h a t  t h e  flow i n  t h e  whole zone of s epa ra t ion  ( the  length of which 

cannot be  l a r g e r  than t h e  body dimensions) is  descr ibed by these  same equations 

of t h e  boundary l a y e r  i n  t h e  f i r s t  approximation. 

t h e  exception of s m a l l  zones on t h e  order  of t h e  boundary l a y e r  thickness  

( v i c i n i t y  of corner  po in t s ,  etc.). 

separa t ion  reaches t h e  lead ing  edge, t h e  angle  of i n c l i n a t i o n  of  a panel should 

be OIL t h e  order  of O(T). 
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This holds everywhere with 

This means t h a t ,  u n t i l  t h e  po in t  of 

I f  iC is l a r g e r ,  t h e  sepa ra t ion  should begin from 



t h e  leading edge. A t  AI, - 1 t h e  areas of f r e e  i n t e r a c t i o n  have t h e  length  

0(Ri-3/s) [2] .  Hence , even a t  angles of i n c l i n a t i o n  of panel  O(1) t h e  separa t ion  

may not begin from t h e  leading edges, and equations of flow i n s i d e  t h e  separa- 

t e d  zone do not  reduce t o  t h e  P rand t l  equations [6], even i n  t h e  f i r s t  

approximat ion.  

W e  no te  t h a t  Formula ( 3 . 1 0 )  determines t h e  s i m i l a r i t y  r u l e  f o r  x = 03, 

v a l i d  f o r  flows of compression and r a r e f a c t i o n ,  which w i l l  b e  considered below 

4 .  W e  s h a l l  car ry  ou t  b r i e f l y  a q u a l i t a t i v e  ana lys i s  of t h e  r e s u l t s  

obtained f o r  t h e  case of X = a, using a scheme of i n t e g r a l  curves of t h e  

Problem ( 3 . 5 )  , ( 3 . 6 )  on t h e  p5 plane (Figure) .  Line 1 represents  t h e  known 

self-modeling so lu t ion  ( 3 . 1 4 ) .  Below 

t h i s  l i n e ,  t h e r e  i s  a family of non- 

s e l f  -modeling so lu t ions  corresponding 

t o  < 0 ( 3 . 1 3 ) ,  at  which p = 0 f o r  

f i n i t e  values  of 5, s i n c e  p < 0 has  no 

phys ica l  sense ,  and p + 0 a t  5 + 03 is 

impossible because of t h e  ex is tence  

of t h e  group ( 3 . 1 0 ) ,  as w a s  shown above. 

Above t h e  l i n e  1 i n  t h e  f i g u r e  the re  

is a family of curves corresponding t o  

% > 0,  and t o  t h e  decrease of f " t o  2 
zero along t h e  dot ted  curve 2 .  This is t h e  l i n e  of separa t ion .  For each curve, 

one can c a l c u l a t e  x(5) from the  Formulas ( 3 . 4 )  and ( 3 . 6 )  e Line 3 , along which 

x = 1, has  an add i t iona l  boundary condi t ion f o r  flow on a body with f i n i t e  

length  and a f l a t  sur face .  The i n t e r s e c t i o n  of l i n e s  2 and 3 determines t h e  

va lue  of t h e  base  pressure ,  corresponding t o  the  flow sepa ra t ion  ( f  " = 0) 

j u s t  near  t h e  base  sec t ion .  I f  t h e  base pressure  coincides  wi th  t h e  value of 
p a t  t h e  i n t e r s e c t i o n  poin t  of curves 1 and 3 ,  then t h e  d i s t r i b u t i o n  of pres- 

2 

s u r e  over t h e  body is  t h e  same as i n  t h e  self-modeling so lu t ion .  

t h e  curve 3 l y i n g  above t h e  l i n e  2 corresponds t o  t h e  l o c a t i o n  of t h e  separa- 

t i o n  point: above t h e  flow from t h e  base sec t ion .  

t o  obta in  t h e  whole family of curves f o r  both t h e  nonself-modeling s o l u t i o n s ,  

A p a r t  of 

As w a s  pointed ou t  above, 
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i t  is s u f f i c i e n t  t o  f i n d  one curve f o r  each, and t h e  remaining ones are ob- 

t a ined  from (3.10). Then, t o  each value of t he  base  pressure  t h e r e  corresponds 

one i n t e g r a l  curve, on which t h i s  base pressure  i s  reached on l i n e  3 .  W e  

s h a l l  no te  t h a t  at (p - po)/po = E << 1, where po = Ao6-', Formula (3.13) gives  

a r igorous f i r s t  approximation relative t o  E f o r  d i s t r i b u t i o n  of t h e  parameters 

on t h e  whole body t o  x = 1. 

A s  w a s  remarked earlier, f o r  t h e  case of x Q 1 o r  f o r  a more complex form 

of t h e  body, adjustments are necessary,  

One more consequence arises from r e s u l t s  of t h e  numerical s o l u t i o n  of 

(3.15). Since the  value of a i n  (3.13) is  l a r g e  according t o  t h e  ca l cu la t ions  

performed ( a  'L 50 f o r  w = CI = g2 = l), t h e  devia t ion  of t h e  i n t e g r a l  curves 

from t h e  self-modeling s o l u t i o n  is  hard ly  no t i ceab le ,  and then occurs very 

sharply.  This f e a t u r e  explains  why, i n  t h e  app l i ca t ion  of i n s u f f i c i e n t l y  

accura te  i n t e g r a l  methods f o r  so lv ing  problems wi th  f r e e  i n t e r a c t i o n  - f o r  

i n s t ance ,  t h e  Crocco-Lies method - i t  i s  necessary t o  introduce the  concept 

of  s u b c r i t i c a l  and s u p r a c r i t i c a l  boundary l a y e r s ,  and a step-wise t r a n s i t i o n  

from t h e  regime at which t h e r e  is  no t r a n s f e r  of per turba t ions  above t h e  

stream, t o  t h e  regime with the  t r a n s f e r  of dis turbances above t h e  flow. 

I n  conclusion, t h e  author  wishes t o  thank V. V. Sychev. for a c r i t i c a l  

review of t h e  problem. 
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